ON THE SPECTRUM OF CARTAN-HADAMARD MANIFOLDS
). Let KJJP) be the sectional curvature of the two-plane P £ M x , the tangent space at x. Let y(t) = y(t; 0, ξ) be the unit-speed geodesic emanating from OeJί and having initial velocity ξ e M o . Let
where k is a positive constant. Our main result is the following upper bound.
THEOREM. Suppose that 
2* Proofs* We will study Jacobi fields J(t) along a geodesic {7(t), * ^ 0} where J(0) = 0, J(t) •£ 0, (J(ί), 7') = 0. For this purpose, let {Ei(t) f 2 ^ i ^ d} be a parallel field of orthonormal vectors along 7 with (E if 7') = 0. Write
<=2
From the Jacobi equation we have the following system of equations [2] (2.1)
By the representation of R in terms of sectional curvature, we have where \ε iό \ ^ ε(ί). We use the following result from ordinary differential equations.
PROPOSITION. Consider the system
wΛere Γ \e tί (t)\dt < 00. Tfeβ^ (2.2) has solutions fi x \fl 2) with fa) ^eut 9 ft"' ~ke
For the proof see Hartman [5, p. 381] for the case d = 2. To apply this to (2.1) we recall that from the Rauch comparison theorem [2] \J(t)\-*oo when £->oo. Now let
We claim that c i3 -Φ 0 for at least one value of (i, j). Indeed, if c tj = 0, then fit) = ^(e~k t ) 9 t-^00 which implies that |J(ί)|->0, a contradiction. Now
d (J'(t),J(t)) _ §/<(*)//(*) (J(t), J(t))
Thus we have proved the following proposition. LEMMA 
Let J(t) be a Jacobi field along 7 with
where the convergence is uniform over S d~1 .
Proof. Let j(t; 0, ξ) be the geodesic emanating from OeM with initial velocity ξ. Let {J,(ί), 2 ^ i ^ d} be Jacobi fields along 7 with /.(0) = 0, J/(0) = Ei where (7 ; (0), E 2 , , £7^) is an orthonormal basis of M o . Then from the second variation of arclength [1] , we have
(2.7)
Using Lemma 1 the result follows. (2.13) [
4 Jθ
Integrating this inequality on S d~1 and referring to (2.13)-(2.14), it is clear that we have proved 3* On condition (1*1)* In certain cases one may relax the technical condition (1.1). These are the following
The latter means that for every orthogonal transformation φ in M Of there exists an isometry Φ: M-> M such that Φ(0) = 0, Φ*(0) = φ.
PROPOSITION.
Suppose that the CH manifold M satisfies either (3.1) or (3.2) and in addition (3.3) ε(t) >0 (t >oo). Proof. Following the proof of the theorem, the result will follow once we prove Lemma 1. In case (3.1), the Jacobi equation is a single scalar equation (3.4) J
"(t) + K(t)J{t) = 0 where K(t) is the Gaussian curvature. Let h(t) = J'(t)/J(t).
Then
Recall the following asymptotic result [7] concerning solutions of (3.5).
(3.5a) lim inf V-K(t)<Ά\m inf Λ(ί)^lim sup h(t) ^ lim sup V-K(t) .
Thus (3.3) implies that h(t) -> k, which proves Lemma 1 in this case.
To treat the case (3.2), we use the following result of GreeneWu [4, p. 25] : every proper Jacobi field J(t) along a geodesic 7 which is orthogonal to 7' and vanishes at 0 has the form
when E(t) is a parallel vector field along 7 and fit) is a real-valued function. The Jacobi equation then takes the form (3.6) /"(t) + K(t)f(t) = 0 where K(t) is the sectional curvature of the 2-plane spanned by (τ'(ί), E(f)). Observing that (3.6) is of the same form as (3.4), we can copy the above proof for d -2 to conclude Lemma 1 in this case also, thus completing the proof of the proposition. Finally, using the method of Gage [3] , we can obtain results using only Ricci curvature. Indeed, Gage has proved that For the proof we will construct a 2-dimensional CH manifold M with metric
where a k9 ε k are to be specified below. Finally, we check that h(r) ->0 as r -> oo. Indeed, on the interval (α fc + ε fc , a k+1 )h is decreasing, and thus Λ,(r) ^ jt(α fc + ε fc ) < l/2 fe . On the interval (a k+1 , a k+1 + ε /c+1 ) we have h r ^ 1 and thus Λ(r) ^ ^(α fc+1 ) + {r -a k+1 ) ^ l/2 fe + l/2^+ 2 . We can now prove that λj. = 0. Indeed, from earlier work [8] we know that (4λO 1/2 <£ lim r _oo G r /G. Thus λ x = 0, as required. REMARKS 1. By modifying the above example, it is possible to find a metric for which X L = 0 and lim inf r _oo K(r) --^, Indeed, it suffices to replace -1 by a sequence going to -oo and choose ε k -> 0 sufficiently fast.
2. It would be interesting to find a necessary condition for λi = 0, expressed in terms of the curvature function. From our previous paper [8] we know that λ x = 0 implies lim inf r^ h(r) = 0. But we do not know what this says about K{τ).
